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Prime Decomp osition Metapho r

Prime Decomp osition

The quick est w a y to explain Krohn-Rho des Theo ry is using the

metapho r of Prime Decomp osition of Integers.

Integers Automata

F acto rs Primes Flip-�op Automaton

P ermutation Automata

Comp osition Multiplication W reath Pro duct (hiera rchy)

Precision Equalit y Division, Emulation
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De�nition

Grasping the ide of state transitions mathematically . V ery strong

abstraction fo cusing on the imp o rtant notion of change.

A = ( A ; X ; � )

I
A state set

I
X input symb ols

I � : A � X ! A state transition function
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T ransfo rmation semigroups

( A ; S )
I

A state set

I
S semigroup of transfo rmations of the state set

a � s = b , a ; b 2 A , s 2 S
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Cascade Pro duct
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Basic Building Blo cks

W e have to explain why w e have t w o t yp es of basic building blo cks.

T yp es of Computational Pro cesses

I
Irreversible, e.g. overwriting a segment of memo ry

I
Reversible

The distinction is mo re immediate algeb raically: groups and

semigroups.
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Why hiera rchies?

Nice Prop erties of Hiera rchy

I
info rmation �o w b et w een levels a re restricted enabling

mo dula rit y (also within one level with pa rallel comp onents).

I
generalization and sp ecialization a re natural op erations realized

b y taking subsets of levels in either direction up o r do wn the

hiera rchy .
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Example: Bidirectional Counter

Co o rdinates: ( n , mo de)

Mo des: adding +, subtracting -

T w o op erations: counting and switching mo de.

Hiera rchical dep endence: the counting op eration do es di�erent

things dep ending on the top level co o rdinate.
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Emulation

( B ; T ) emulates ( A ; S ) , if any calculation in ( A ; S ) can b e done in

( B ; T ) . (Using algeb raic terminology: ( A ; S ) divides ( B ; T ) )

( A ; S ) ( B

1

; T

1

) o: : : o( B

n

; T

n

)
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KRT

Any �nite state automata A can b e emulated b y a cascade p ro duct

of simpler automata. The comp onents a re the �ip-�op and those

group automata that A is able to emulate. (And the reverse

direction: if it can b e built from certain irreducible automata, than

A can emulate those comp onents.)
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constructive p ro of ' algo rithm

I
V [ T (Krohn, Rho des, 1962)

I
Holonomy (Zeiger 1968, Eilenb erg 1976)

I
Catego ries (Rho des, W eil, 1989)

I
Semigroup expansions (Rho des 1991)

I L +
decomp osition (Nehaniv, 1996)

I
Kernels (Ésik 2000)

I
Holonomy (Elston, Nehaniv 2002)

But there w as no computational implementation b efo re this w o rk.
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JGrasp

I
W ritten in JA V A (some tasks a re outsourced to GAP and

GraphViz).

I
Implements t w o va riants of the holonomy metho d (b rute fo rce

and dep endency function based).

I
Identifying groups is done b y the Small Groups data lib ra ry in

GAP . A command line script is generated b y the JGrasp co re

system.
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The Holonomy Metho d

This algo rithm w o rks b y the detailed study of ho w the semigroup S

of an automaton ( A ; X ; � ) acts on certain subsets of A . It lo oks fo r

groups induced b y S

1

p ermuting some set of these subsets of A .

These groups a re called the holonomy groups .
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Example Automaton

A = f 1 ; 2 ; 3 ; 4 ; 5 ; 6 g S = h( 3 ; 1 ; 2 ; 3 ; 1 ; 4 ); ( 5 ; 4 ; 3 ; 3 ; 3 ; 3 )i

5

3

y
1

x

y

2
x

6

y

4x
x,y

y

x

y

x
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Generating Images

{1,2,3,4,5,6}

{1,2,3,4}x

{3,4,5}

y
{1,2,3}

x

x

{3}
y

{2}
x

{1}x

{4}
y

{5}
y
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Determining Relations on the Image Set - Tiling Picture

{6} {5} {2} {4}{3}{1}

{1,2,3}{3,4,5}

{1,2,3,4}

{1,2,3,4,5,6} 3

2

1

0
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P oset of equivalence classes

{6}

{1}

yxx

{5}{2}{4}{3}

{1,2,3}{3,4,5}

yxx

{1,2,3,4}

y

{1,2,3,4,5,6}

x
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State Lifts as Chains of Tiles

{3,4,5}

{4}

{1,2,3,4,5,6}

{1,2,3,4}

3

2

1

0
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Ensemble App roach

SgpDec � Semigroup Decomp osition

I
It will implement the holonomy decomp osition (iterative,

dep endency function based).

I
Intended to b e a compatible GAP pack age (hence the name).

I
It' ll p rovide to ols fo r the ensemble app roach to the holonomy

decomp osition.

I
It heavily relies on a new feature of GAP: dictiona ries.
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Ensemble App roach

Statistical Mechanics Metapho r

When the study of one pa rticula r system is not really enlightening,

w e can try to study a la rge collection, an ensemble of systems.
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Ensemble App roach

Drunk a rd's W alk
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Ensemble App roach

Distribution of end p oints
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Ensemble App roach

Simila rly ...

...instead of one single automaton,

A ttila Egri-Nagy Biological & Neural Computation Lab o rato ry Science & T echnology Resea rch InstituteSgpDec - A GAP P ack age fo r Krohn-Rho des Theo ry



Krohn-Rho des Theo ry

JGrasp

SgpDec

Case Study: Lactose Metab olism in E. coli

Ensemble App roach

Ensemble of Automata

w e use mo re copies of the same automaton, an ensemble consisting

of many instances of that automaton, in va rious states.
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Microscopic State

The current state of an automaton in the ensemble.
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Macroscopic State

The distribution of microscopic states over the whole ensemble.

Distribution of states

states

F
re

qu
en

cy

0
1

2
3

A ttila Egri-Nagy Biological & Neural Computation Lab o rato ry Science & T echnology Resea rch InstituteSgpDec - A GAP P ack age fo r Krohn-Rho des Theo ry



Krohn-Rho des Theo ry

JGrasp

SgpDec

Case Study: Lactose Metab olism in E. coli

Ensemble App roach

But ho w many pa rticles?

Statistically many .

I
It is closer to real-w o rld (biological) examples.

I
The di�culties of the discrete mo deling can b e removed

(sometimes negligible concentrations a re imp o rtant).

Theo retically n elements, where n is the numb er of states of the

automaton A .

Why? Because it is enough to rep resent all p ossible subsets of the

state set. F o r the full state set y ou need n automata (unifo rm

distribution of states).
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Ensemble App roach

Ensemble automata

Rega rdless of the numb er 'pa rticles' w e still have di�erent w a ys of

de�ning the ensemble automata.

I
P a rallel automaton

I
Image set automaton

I
Distribution automaton
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Ensemble App roach

P a rallel Automaton

The ensemble is a direct p ro duct of n copies of automaton A .

P A = A � � � � � A
Since w e have co o rdinates, w e can track the o rbit, the sequence of

state transitions of the individual automata.
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Ensemble App roach

Image Set Automaton

S A = ( I A ; X ; � � ) , where � �
is the action de�ned on sets of states.

The subsets that a re not images a re not reachable b y the

transfo rmations (sta rting from the full set), but the � �
is de�ned on

them.
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I A and the tiling picture

Subsets can b e easily found in the holonomy decomp osition

structure.

{6} {5} {2} {4}{3}{1}

{1,2,3}{3,4,5}

{1,2,3,4}

{1,2,3,4,5,6} 3

2

1

0
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Ensemble App roach

Distribution Automaton

F requency distributions: fo r each state w e count its o ccurrences in

the ensemble.

F is the set of reachable (o r all p ossible) frequency distributions.

The state-transition is de�ned simila rly to � �
, but considering

multiplicities as w ell.

F A = ( F ; X ; �
f

) .

F o r instance:

( 4 copies of state 4, 2 copies of state 1 ) �
�

1 2 3 4 5

3 3 3 5 4

�
=

( 4 copies of state 5, 2 copies of state 3 )
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Ensemble App roach

Info rmational Theo retical P ersp ective

F requency distributions �! entrop y can b e measured �!
transfo rmations p otentially reduce entrop y (p ermutations conserve

entrop y , maximum entrop y is the full state set, minimum entrop y

o ccurs when observing only one state).
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Lactose is absent

source: MIT Biology Hyp erT extBo ok
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Lactose is absent � b o olean net w o rk mo del (S.A. Kau�man)

state A Op ZY A

i 1 1 1

j 1 1 0

k 1 0 1

l 1 0 0

m 0 1 1

n 0 1 0

o 0 0 1

p 0 0 0

p

mt n
t

t

l

o

t

tk
t

i
t

j

t

A : allolactose, Op : the rep resso r molecule, ZY A : enzymes fo r

lactose metab olism, t : clo ck tick
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Lactose is p resent

source: MIT Biology Hyp erT extBo ok
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Lactose is p resent � b o olean net w o rk mo del

state A Op ZY A

a 1 1 1

b 1 1 0

c 1 0 1

d 1 0 0

e 0 1 1

f 0 1 0

g 0 0 1

h 0 0 0

g
et f

t
b d

t

c

t

h
at

t

t

t
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Automata mo del

l

n

L0
d

L1

o

t

t,L0

f

L1

e
L0

L1
t

p

L0

m

t

h

L1

t,L0

L1

L0

L1

b

t

i

L0

t

a

L1

j L0

t

L1

L0

L1

t

gL0

t

L1

k
L0

c

L1

t

L0

tL1

L0

t

L1

L0L1

t

L0

t

L1

L0
t

L1
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...and its decomp osition

{j} {o} {p} {m}{k} {l} {f}{e}{g}{b}{d}{c}{n} {h}{a}{i}

{a,b,c,d,e,f,g,h}

{a,b,c,d,e,f,g,h,n}

{a,b,c,d,e,f,g,h,m,n}

{a,b,c,d,e,f,g,h,m,n,o,p}

{a,b,c,d,e,f,g,h,i,j,k,l,m,n,o,p} 5

4

3

2

1

0
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...and its decomp osition
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Thank Y ou!

http://grasperma ch in e.s f. ne t
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