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The regular case

Let S be an orthodox semigroup, that
is, S is reqular and E(S) = B is a
band.

S is fundamental it
H =
Note: S/H’ is fundamental.

Meakin (71) gave a description of
H.

Since S is regular and H is idempo-
tent separating, F(S/H’) = B:

Hall (70) constructed the largest
fundamental orthodox semigroup with
band of idempotents B.



Hall semigroups

e Associated with band B are two
partially ordered sets B/L and B/R.

e The Hall semigroup is a subsemi-
group of O(B/L) x O*(B/R).
e For e € B we have
(pe; Ae) € O(B/L) x OF(B/R),
where
Lppe = Lpe = Lepe, Rpre = Rep = Repe-

eforec B, (e) ={be B:b< e}l
o tor e, f € B let W, ¢ denote the

set of isomorphisms from (e) to (f).
e Forany e, f € Band o € W,
define ay € PO(B/L),at € PO*(B/R)
by

Lbozg — Lbow Rbozr = Rba_l'
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Hall (70)Let B be a band. Let
Wp denote the set

{(peas, Apoy ) e, f € B,a € W, ¢}.
Then Wg 1s a subsemigroup of
O(B/L) x O (B/R).

Further, Wpg is orthodox, funda-
mental, and has band of idempo-
tents

B ={(pe;\e) e € B}~ B.

Conversely, let S be orthodox with
E(S) = B. Then there exists a
morphism 0 . S — W with kernel
H. Consequently, S 1s fundamen-
tal if and only if S 1s isomorphic
to a full subsemigroup of Wpg.



The non-regular case

Move focus from Green’s relations to
the 7 versions.

o Let U C E(S). The relation Ry
is defined by the rule a Ry b it and
only if for all e € U,

ea =a < eb=0.

e Where U = E/(.5) we omit mention
ot U.

e The relation Z;U is defined dually.

o Hir =Ry NLy.

e For any S and U C E(S) we have
R C Ry,

with equality if S is regular and U =



Weakly U-abundant
semigroups

S is weakly U-abundant if every ZU—
class and Ry;-class contains an idem-
potent of U.

Examples:

e Regular semigroups

e Abundant semigroups

e Ehresmann semigroups

e 2-sided C-semigroups

e Orthodox U-liberal

e 2 sided guarded semigroups

We aim to generalise Hall’s ap-
proach to weakly B-abundant semi-
groups with B a band, satisfying
©):_

Ry(Ly) is a left (right) congruence.



The easy part

Let B be a band and let S be weakly
B-abundant with (C):

The congruence pp = H p has a de-

scription analogous to that for H’ in
the orthodox case.

New definition S is B-fundamental
if ugp =t.
e S/up is B-fundamental.

e There exists a morphism
0:S— OB/L)x OF(B/R)
with kernel pupg.
The harder part is to find a largest
weakly B-abundant B-fundamental
subsemigroup with (C) of
O(B/L) x O (B/R).



Idempotent connectedness
What makes Hall’s proof work?

Let S be orthodox. Let a € S and
r € (aa) for some @’ € V(a). Then
ra = (ad'x)a = a(d'za);

further, /
T — a'xa
is an isomorphism from
(aa’y — (d'a).
The properties of (WIC) and (IC)
are the analogous weak commuta-

tivity properties for weakly B-abundant
semigroups with (C).
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El-Qallali, Fountain, Gomes and
Gould (80-06) Let B be a band.
There are subsemigroups Vg, Up and
Sp of

O(B/L) x O(B/R)
such that

Wp CVp CUpCSp
and Sp (Up, V) are respectively the
largest fundamental weakly B-abundant

semigroups with (C) (and (WIC), (IC)).

The semigroups Vp,Up and Sp are
explicitly defined and may be con-
structed in case B is finite; Wp is
the semigroup of regular elements of

Vp.
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What can you do with this?

e Weakly B-abundant semigroups with
(C) and (WIC) (or (IC)) are pre-
cisely spined products of weakly B /D-
ample semigroups and Ug (or Vp).
Weakly FE-ample semigroups (E£ a
semilattice) are the relevant analogue
of inverse semigroups.
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e We have the recipe for calculat-
ing Wpg,Vp,Up and Sp - by taking
a band of small finite cardinality we
can provide finite examples distin-
ouishing between the classes under
consideration. For example it B is:

el L]

ENENpar]

then Vg = W has 10 elements, but

Up has 11; consequently Up does
not have (IC).



