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Term Operations

Let A = (A, F ) be an algebra.

Every term t(x1, . . . , xn) induces a function

A× . . .×A︸ ︷︷ ︸
n

−→ A,

by substitution of elements of A for variables.

We denote this function also by t(x1, . . . , xn)

and call it an (n-ary) term operation (or poly-

nomial).

The set of all n-ary term operations of A is

denoted by Tn = Tn(A).

For a semigroup: term = word.
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Essentiality

A function

t = t(x1, . . . , xn) : A× . . .×A︸ ︷︷ ︸
n

−→ A

is said to depend on xi if there exist

a1, . . . , ai−1, a′i, a
′′
i , ai+1, . . . , an ∈ A

such that

t(a1, . . . , ai−1, a′i, ai+1, . . . , an)

6= t(a1, . . . , ai−1, a′′i , ai+1, . . . , an).

t is said to be essentially n-ary if it depends on
all x1, . . . , xn.

The set of all essentially n-ary term operations
of an algebra A is denoted by En = En(A).

Let E0(A) be the set of all unary term opera-
tions which do not depend on their only vari-
able.
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The pn-sequence

Definition. The pn-sequence of A is

p(A) = (p0(A), p1(A), p2(A), . . .)

where

pn(A) = |En(A)|.
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Example: Semilattices

Let S be the two element semilattice {0,1}.

Every term with n variables is equal (in S) to

x1x2 . . . xn.

x1x2 . . . xn ∈ En (put a′i = 0, a′′i = 1 and aj = 1

for j 6= i).

Thus

p(S) = (0,1,1,1,1,1, . . .).

In fact the above holds for every non-trivial

semilattice.

Also, the converse holds: if S is a semigroup

with pn-sequence (0,1,1,1, . . .) then S is a semi-

lattice.
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More Examples

Example. If S is a rectangular band then

p(S) = (0,1,2,0,0,0, . . .).

(The only essential term operations are x, xy

and yx.)

Example. If S is a nilpotent semigroup of

class m (i.e. Sm = {0}) then

p(S) = (p0, p1, . . . , pm−1,0,0,0, . . .).
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More Examples

Example. If B is a boolean group (group of

exponent 2, written additively) then

p(B) = (1,1,1,1,1,1, . . .).

(The only essentially n-ary term operation is

x1 + x2 + . . . + xn.)

Example. Let B be a boolean group. Con-

sider the ternary operation d : B×B×B −→ B

defined by

d(x, y, z) = x + y + z,

and let D = (B, d). Then

p(D) = (0,1,0,1,0,1, . . .).

(The only essentially n-ary term operations are

x1 + x2 + . . . + xn for odd n.)

7



More Examples

Example. For a semigroup S,

p(S) = (0,1,2,3,4,5, . . .).

if and only if S is a left or right normal band.

Example. (Crvenkovic, Ruškuc [8]) For a semi-

group S,

p(S) = (0,1,4,9,16,25, . . .).

if and only if S is a normal band.
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pn-sequences and Free Spectra

For an algebra A, its free spectrum is

f(A) = (f0(A), f1(A), f2(A), . . .)

where fn(A) is the order of the free algebra
of rank n in the variety generated by A, i.e.
fn(A) = |Tn(A)|.

Proposition. For an algebra A with

p(A) = (p0, p1, p2, p3, . . .),

f(A) = (f0, f1, f2, f3, . . .)

then

fn =
n∑

i=0

(n

i

)
pi,

pn =
n∑

i=0

(−1)n−i
(n

i

)
fi.

Corollary. pn(A) is finite for all n if and

only if A generates a locally finite variety.
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The Berman Conjecture

Conjecture. (J. Berman [1]) The pn-

sequence of a finite algebra is either

bounded or eventually strictly increasing.
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Example: Monoids

Proposition. The Berman Conjecture holds
for monoids.

Proof. Let M be a (non-trivial, finite) monoid.

Claim: The mapping φ : En −→ En+1 defined
by t 7→ txn+1, where t = t(x1, . . . , xn) ∈ En, is
a well-defined injection. (First take x1 = . . . =
xn = 1, and then take xn+1 = 1.)

Claim. x1 . . . xnx2
n+1 ∈ En+1 unless M is a

boolean group. (Take x1 = . . . = xn = 1.)

Claim. x1 . . . xnx2
n+1 6= φ(t) for every t ∈ En,

unless M is a band. (Take x1 = . . . = xn = 1.)

Claim. If M is a band, but not a semilattice,
then xn+1x1x2 . . . xn 6= φ(t) for every t ∈ En.
(M contains a two element left or right zero
subsemigroup {e, f}. Now take x1 = . . . =
xn = e, xn+1 = f .)
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A General Positive Result

Definition. A binary operation · is strongly
onto if

(1) (∀a)(∃b1, b2)(a = b1b2 = b2b1).

(2) (∀a, b)[(∃c, d1, d2)(a = cd1 & b = cd2)
⇐⇒ (∃c1, c2, d)(a = c1d & b = c2d)].

Facts.
(1) commutative + onto ⇒ strongly onto.
(2) neutral element (identity) ⇒ strongly onto.

Theorem. (J. Berman, A. Kisielewicz,

[2]) The Berman Conjecture holds for ev-

ery finite algebra with a strongly onto bi-

nary operation.

Remark. Mapping:
t(x1, . . . , xn) 7→ t(x1, . . . , xn−1, xnxn+1).

Corollary. The Berman Conjecture holds for
groups, rings, lattices, monoids, commutative
surjective (S2 = S) semigroups, etc.
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Extending to Infinite?

Theorem. (G. Grätzer, A. Kisielewicz

[9]) For every sequence (p0, p1, p2, p3, . . .)

with p0, p1 > 0 there exists an algebra A

such that

p(A) = (p0, p1, p2, p3, . . .).

Corollary. The Berman Conjecture does not

hold if one removes the requirement for the

algebra to be finite.
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Willard’s Counterexample

Theorem. (R. Willard, [10]) There exist

finite algebras violating the Berman Con-

jecture.

Sketch of Proof. Let B be a boolean group,

and let d(x, y, z) = x + y + z. Also, define

xy = x.

Let I = {0,1} be the two element semilattice,

and define d(x, y, z) = 0.
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Willard’s Counterexample

Let A = (B, d, ·)× (I, d, ·).

Essentially n-ary term operations on A:

(f,0), (xi, g), f ∈ En(B, d), g ∈ En(I).

Thus

pn(A) = pn(B, d) + npn(I) =

{
1 + n n odd
n n even.

p(A) = (0,2,2,4,4,6,6, . . .).

A minor modification gives algebras with pn-

sequence (0, N + 1,2, N + 3,4, N + 5, . . .) for

arbitrarily large N .
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Bounded pn-sequences

Let S be a finite semigroup.

ω = min{m : Sm = Sm+1}.

Facts. Sω is surjective ((Sω)2 = Sω), and S is

a nilpotent extension on Sω.

Theorem. (Crvenkovic, Dolinka, Ruškuc

[5]) S has a bounded pn-sequence iff Sω is

a semilattice, or a rectangular band, or a

boolean group.

16



Bounded pn-sequences

Sketch of Proof. S has a bounded pn-sequence

iff it satisfies identities of one of the following

types:

(1) x1x2 . . . xm = x2 . . . xmx1,

x2
1x2x3 . . . xn = x1x2

2x3 . . . xn.

(2) x1x2 . . . xm = x2 . . . xmx1,

x2
1x2x3 . . . xn = x3

2x3 . . . xn.

(3) x1 . . . xkyxk+1 . . . xn = x1 . . . xkxk+1 . . . xn.

These correspond to nilpotent extensions of

(1) semilattices, (2) boolean groups, (3) rect-

angular bands.
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Surjective semigroups

Theorem. (Crvenkovic, Dolinka, Ruškuc

[6]) The Berman Conjecture holds for all

finite surjective semigroups.

Sketch of Proof. Define φ : En −→ En+1 by

t(x1, . . . , xn) 7→ t(x1, . . . , xn−1, xnxn+1).

Fact. (Chrislock [3]) If T satisfies a heterotyp-

ical identity, then Tω completely simple. Hence

φ is well-defined.

Surjectivity of S implies that φ is 1-1.

Separate treatment for completely simple.
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Sω Completely Regular

Theorem. (Crvenkovic, Dolinka, Ruškuc

[4]) If Sω is completely regular (union of

groups) then S satisfies the Berman Con-

jecture.

Sketch of Proof. Let r be such that xr+1 = x

for all x ∈ Sω.

Define φ : En −→ En+1 by t 7→ trxn+1t.
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Sω Reductive

T is (right) reductive if

(∀x ∈ T )(ax = bx) ⇒ a = b

for all a, b ∈ T (⇐⇒ no two rows of the Cayley

table are identical).

Theorem. (Crvenkovic, Dolinka, Ruškuc

[4]) If Sω is reductive then S satisfies the

Berman Conjecture.

Sketch of Proof. t 7→ txn+1.

Corollary. The Berman Conjecture holds for

inverse semigroups and for commutative semi-

groups.

20



Sω Regular

Theorem. (Crvenkovic, Dolinka, Ruškuc

[7]) If Sω is regular then S satisfies the

Berman Conjecture.

Sketch of Proof. Wlog assume that Sω is not
reductive.

Find a ‘minimal’ pair a, b ∈ Sω witnessing that
Sω is not reductive; it has the following prop-
erties:

(1) aLb;

(2) For every s ∈ S we have

(asRa & bsRb) or as = bs.

Form the principal congruence

θ = θ(a, b) = {(as, bs) : s ∈ S1} ∪∆S.

Basically it identifies Ra and Rb.
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Sω Regular

Case 1. If Sω/θ is not left reductive then
pn(S) = pn(S/θ). Now use an inductive ar-
gument.

Case 2. Sω/θ is left reductive.

Here one proves directly that S satisfies the
Berman Conjecture.

To define an injection En −→ En+1 proceed as
follows.

First define

Tn,i = {t ∈ En : t = xiw
′xiw

′′}.

Qn,i = {t ∈ En : t = xiw
′} \ Tn,i.

If t = xiw
′xiw

′′ ∈ Tn,i then t 7→ xiw
′xn+1w′′.

If t ∈ Qn,i then t 7→ xn+1t.
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What Next?

Question. Can one prove the Berman Con-

jecture in certain cases by constructing a sur-

jection En+1 −→ En, instead of an injection

En −→ En+1?

Problem. Investigate the eventual behaviour

of pn-sequences of infinite (locally finite) semi-

groups.
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