Diagonal Acts and Applications

Nik Ruskuc
nik@mcs.st-and.ac.uk

School of Mathematics and Statistics, University of St Andrews

BMC, York, March 2008

Umver51ty
St Andrews



Problem E3311 Amer. Math. Monthly 96 (1989)

E 3311. Proposed by Sydney Buiman-Fleming and Kenneth McDowell, Wilfrid
Laurier University, Waterloo, Ontario.

Suppose S is a monoid containing elements a and b such that every element of
8§ X § is of the form (au,bu) for some u in § (i.e., S X S, considered as a right
S-set, is cyclic).

(a) Show that S must be a singleton if § is any one of the following: finite,
commutative, idempotent, or inverse.

(b) Show that S need not be a singleton in general.
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E 3311. Proposed by Sydney Buiman-Fleming and Kenneth McDowell, Wilfrid
Laurier University, Waterloo, Ontario.

Suppose S is a monoid containing elements a and b such that every element of
8§ X § is of the form (au,bu) for some u in § (i.e., S X S, considered as a right
S-set, is cyclic).

(a) Show that S must be a singleton if § is any one of the following: finite,
commutative, idempotent, or inverse.

(b) Show that S need not be a singleton in general.

Proof of (b).

Take S = Ty, the full transformation monoid.

Let a, B € Ty be defined by na =2n — 1, ng = 2n.
Let v,0 € Ty be arbitrary.

Define p € Ty by

[ ky ifn=2k-1
=13 k6 ifn=2k

Immediate check: (au, Bu) = (v, 9).
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Definition
Let S be a semigroup. The set 5" on which S acts via

(X1y. ..y Xn)s = (x15,...,XnS)
is called the (n-ary, right) diagonal act.
Definition
The diagonal act S” is finitely generated if there is a finite set

A C S" such that S" = AS.
It is cyclic if A can be chosen to have size 1.
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Example

If S is any of Ty, Py, By then the diagonal act S” is finitely
generated for all n. (This includes n = Np!)

Proposition

No infinite group has a finitely generated diagonal act.

Proof
If (a, b)s = (c,d) then ab™! = cd L.

Proposition (Gallagher 05)

No infinite inverse semigroup has a finitely generated diagonal act.
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Example (Robertson, NR, Thomson 01)

The monoid of all recursive functions N — N is finitely generated
and has cyclic diagonal acts.

Example (ibid)

There exists a finitely presented infinite monoid with cyclic
diagonal acts.
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Lemma

IfS xS =(a,b)S then S*" = (a1, ...,a)S where
{al, ey agn} = {a, b}n.

Sketch of Proof

(n=2)

{a, b}? = {aa, ba, ab, bb}.

Suppose we are given (a1, a2, as, az) € S*.

Find s1,s5,5 € S so that:

(a, b)s1 = (a1, a2), (a,b)s2 = (a3, as), (a,b)s = (s1,s2).

Then

(aa, ba, ab, bb)s = (as1, bsi, asy, bsy) = (a1, az, as, as).
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Corollary

If the diagonal act S" is cyclic for some n > 2 then S" is cyclic for
all n> 2.

Problem
Does S? cyclic imply that S™ is cyclic?

Problem

Does S? finitely generated imply S” finitely generated for all
n>27
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» Finitary power semigroups (Robertson, Thomson, Gallagher,
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» Ranks of direct powers (Neunhoeffer, Quick, NR).
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Finitary Power Semigroups

Definition

Let S be a semigroup. The finitary power semigroup of S (denoted
Pr(S)) consists of all finite subsets of S under multiplication
A-B={ab: ac A be B}.

Question
Can P¢(S) be finitely generated for any infinite semigroup S?7

Theorem
No, if S is a group (Gallagher, NR, 2007), or inverse semigroup
with an infinite subgroup (Gallagher).
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d(S) = the smallest number of generators needed to generate S.
Definition

d(S) = (d(S),d(5?),d(S3),...).

Warning

From now on S” may stand for either the n-ary diagonal act of S
or for the nth direct power of S! In the above definition it is the
latter.

Example

d(G) = (1,2,3,4,5,...).

Example (Hall 1936)

d(As) = (2,2,2,...2,3, ...,3,4,...)
19
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Theorem
Let G be a finite group.

» If G is perfect then d(G) is logarithmic.

» If G is non-perfect then d(G) is eventually linear.

Theorem
Let S be a finite semigroup.

» If S is a monoid then d(S) is eventually linear.

» If S is not a monoid then d(S) is asymptotically exponential.

Problem
In the last case, is d(S) in fact eventually exponential?
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M. Neunhoeffer, M. Quick, NR, work in progress.

Theorem
Let S be a finitely generated semigroup with a cyclic diagonal act.
Then d(S) is eventually constant.

Proof

Recall: d.a. 52 cyclic = d.a. S* cyclic for all k.
Suppose S = (A) and S¥ = (ay,...,ax)S.
Forsc S, lets=(s,...,s) € Sk clearly S=S.
Sk = (al, .. .,ak)S = <(31, .. .,ak),A>.

Hence d(S¥) < d(S) + 1.

Problem
If S is a finitely generated congruence-free semigroup, is d(S)
eventually constant?



